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INTRODUCTION
If K is a field and G is a finite group, we can ask whether K has a
G-extension, i.e., a finite Galois extension with Galois group G. If the
answer is affirmative, we can then ask what these G-extensions look like.
More generally, we can simply ask what G-extensions look like, without
specifying the field. And since the obvious way to describe finite Galois
extensions is as splitting fields of polynomials, we are led to consider
 generic polynomials, cf. Sch :
DEFINITION. Let K be a field and let G be a finite group, and let
Ž .t , . . . , t and X be indeterminates over K. A polynomial F t , . . . , t , X1 n 1 n
Ž .  Ž . K t , . . . , t X is called a generic or ersal polynomial for G-exten-1 n
sions over K , if it has the following properties:
Ž . Ž . Ž .1 The splitting field of F t , . . . , t , X over K t , . . . , t is a G-1 n 1 n
extension.
Ž .2 If LK is a field extension, any G-extension of L is obtained as
Ž .the splitting field of F a , . . . , a , X for suitable a , . . . , a  L.1 n 1 n
In this paper, we construct generic polynomials for the groups Q , QC,8
and QQ over fields of characteristic  2. Here, Q is the quaternion8




Copyright  2001 by Academic Press
All rights of reproduction in any form reserved.
ARNE LEDET2
group of order 8, i.e., the group with generators i and j and relations
i2  j2 and ji i3 j, while QC and QQ are the central products of Q with8
Ž .C the cyclic group of order 4 and Q resp., i.e.,4 8
2 2 2 3² :QC i , j,  i  j   , ji i j,  i i ,  j j
and
2 2   3 2 2 3i  j  i  j , ji i j, j i  i j QQ i , j, i , j .       ¦ ;i i ii , j i ij , i j ji , j j jj
Ž . Ž .Thus QC resp. QQ is generated by copies of Q and C resp. Q , with8 4 8
the subgroups of order 2 identified.
We will assume all fields to have characteristic  2, since that is the
only case we will consider.
A TECHNICAL LEMMA
 ² :First some notation: For a , . . . , a  K , we denote by a , . . . , a the1 n 1 n
Ž . 2 2quadratic form x , . . . , x  a x  a x . Also, for convenience, we1 n 1 1 n n
² :use a , . . . , a for the diagonal matrix1 n
a1
. . .. 0an
² :This should not cause confusion. Two quadratic forms a , . . . , a and1 n
² : ² : ² :b , . . . , b are equialent over K , written a , . . . , a  b , . . . , b , if1 n 1 n 1 n
there exists an n n matrix P over K , such that
t² : ² :P a , . . . , a P b , . . . , b ,1 n 1 n
² :and we say that P expresses the equivalence between a , . . . , a and1 n
² : ² :b , . . . , b . A matrix expressing the equivalence a , . . . , a 1 n 1 n
² :a , . . . , a is called an isometry.1 n
² : 2A quadratic form a , . . . , a is called isotropic, if the equation a x1 n 1 1
2 Ž . n a x  0 has a non-trivial solution x , . . . , x  K , i.e., a solu-n n 1 n
Ž .tion  0, . . . , 0 . Otherwise it is called anisotropic.
 Ž  .2An element in K  K is called a square class. Two elements
a, b K are quadratically equialent, if they have the same square class,
and we write a b. Elements a , . . . , a  K are quadratically indepen-2 1 n
 Ž  .2 ndent, if their square classes generate a subgroup of K  K of order 2 ,
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i.e., if the square classes are linearly independent in the  -vector space2
 Ž  .2K  K .
The basic theory of quadratic forms can be found in most introductions
 to algebra, such as Ja .
LEMMA 1. Let a, b, c, d K , and assume a, b quadratically indepen-
dent and c, d, and cd not quadratically equialent to a, b, or ab. Also,
² : ² :assume a, b, ab  c, d, cd . Then
a u b w , and ab wu ,2 2 2
where
u d cd c 2  d 2 2 ,Ž .
  c c d 2  cd 2 2 ,Ž .
w d cd 2  c 2 2
for suitable  ,  ,  K. Furthermore,
t² : ² :Q c, d , cd Q u , w , wu
for
Ž . 2 Ž .cd 1	  	 d c cd 	d 1	 Ž .
2Q ,Ž . Ž .cd 1	  c 1	  	 cd d c Ž . 02 Ž . Ž .c cd d c 1	  d 1	 
and det Q uwcd.
Proof. The last part of the lemma is easy to check, leaving us with only
the first part to prove:
² : ² :Assume a, b, ab  c, d, cd . This means that
t² : ² :Q c, d , cd Q a, b , ab
Ž .for some 3 3 matrix Q q . From the conditions on a, b, c, and d iti j
follows that Q can have at most one 0 in a row or a column, and that at
most one diagonal element can be 0. We wish to ensure that none of the
diagonal elements are 0. Thus, assume that, say, q  0.11
Whenever u,   K are such that cu2  d 2 0, the matrix
d 2 	 cu2  cu2  d 2 	2 du cu2  d 2 0Ž . Ž . Ž .
2 2 2 2 2 2U 	2cu cu  d cu 	 d  cu  d 0Ž . Ž . Ž . 00 0 1
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² : 2is an isometry on the quadratic space given by c, d, cd , and so we can
replace Q by QUQ. Now,
	2 duq21q  ,11 2 2cu  d
cu2 	 d 2 q 	 2cuqŽ . 22 12q  ,22 2 2cu  d
q  q .33 33
Since K is infinite,3 we can find u,   K , such that u,  , cu2  d 2, and
Ž 2 2 . cu 	 d q 	 2cuq are all  0. The diagonal elements in Q are22 12
then all 0 as well. A similar argument can be used if q or q is 0.22 33
Hence, we may assume q , q , q  0 and write11 22 33
q 	fq 	q11 22 33
Q q q 	gq11 22 33 0eq  q q11 22 33
for suitable e, f , g,  ,  ,  K. Orthogonality gives us
cf d cde ,
cde c dg ,
dg cf cd ,
from which we get
1	  cde c cd d 2 ,Ž .
1	  cf d c cd 2 ,Ž .
1	  dg cd d c 2 .Ž .
Ž . ² :1 c, d, cd is anisotropic: Then  1, since otherwise
0  1	  cde c 2  cd d 2 2 ,Ž .
a contradiction.
2 Ž . t 
Specifically, it maps u u,  , 0 to 	u and leaves the orthogonal complement u
element-wise fixed.
3 ' 'Ž .It has a biquadratic extension K a , b K.
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Now,
22c cd dŽ .
2 2 2a c d  cde  c d  cd2 22 2c d 1	 Ž .
222 2 2 2 c d 1	  c d  c cd dŽ . Ž . Ž .2
 cd cd c 2  d 2 2 c d 2  cd 2 2  u ,Ž . Ž .
and similarly b w.2
Ž . Ž 2 .2 	d is a square in K : a is quadratically equivalent to cd d 
² : ² : ² Ž 2 .:for some  K. Then a, b, ab  c, d, cd  a, d, c d  ; i.e.,
2 Ž 2 . 2b dx  c d  y for x, y K. If x 0, we would have b quadrati-
cally equivalent to ad, contradicting our assumptions. Hence, b is quadrat-
Ž 2 . 2ically equivalent to d c d   for some  K. Letting  0, this
is a representation of the desired form.
Ž . ² :3 c, d, cd is isotropic, but 	d is not a square in K : Write
2 2 ² : ² : ² :	c dx  cdy . Then x 0. As a, b, ab  c, d, cd  1,	1,	1
² : ² : ² : a,	a,	1 , we must have b, ab  	 a,	1 by the Witt cancella-
Ž  . 2 2tion theorem see, e.g., Ja, 6.5 p. 367 , and hence b	ap 	 q for
Ž .2 2p, q K. If p, q 0, we let r a pq , s by . If p 0, we write
2 2 2 Ž .2a u 	 , u,  0, and let r a , s	 u . If q 0, we write
1a u2 	 2, u,  0, and let r au2, s	a 2. In any case we get
a r , b s, r s	1.2 2
Ž . Ž . 2 2Now, let u sc 1 2 and   sc	 1 2 to get u 	  sc and
 0. Then we can get
t² : ² :Q c, d , cd Q r , s, rs
by letting
 u 
ux y x ux	 syQ . 0uy	 xc y uy sxc
Ž .To use the argument from 1 above, we must have uy sxc 0, i.e.,
yx	scu, and  1, where
 ux y y
	 ,  ,  .
uy sxc  x
2 Ž 2 . Ž .2 2 2If  1, we get uxy y 	 uxy sx c ; i.e., y ux  x or
y uxx, and hence yx 	 u.
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Ž . 2 2We have one pair x, y with 	c dx  cdy and find others by
letting
x p2 	 cq2  2cypqŽ .x  ,2 2p  cq
y p2 	 cq2 	 2 xpqŽ .y  ,2 2p  cq
for p, q K with p2  cq2 0. Thus,
y y p2 	 cq2 	 2 xpqŽ .
 . 2 2x x p 	 cq  2cypqŽ .
This is a non-constant rational function in p and q, since otherwise
yx	xcy or dx 2  cdy 2  0. Hence, it assumes infinitely many values
and we can avoid 	scu,  	 u with ease.
THE QUATERNION GROUP Q8
' 'Ž .Let MK K a , b K be a biquadratic extension; i.e., a, b K
Ž  .are quadratically independent. By a classical result of Witt cf. Wi, J & Y
MK can be embedded in a Q -extension, if and only if the quadratic8
² : ² :forms a, b, ab and 1, 1, 1 are equivalent over K. Furthermore, if P is a
3 3 matrix over K with det P 1ab and
t² : ² :P a, b , ab P 1, 1, 1 ,
the Q -extensions containing MK are8
' ' ' 'K r 1 p a  p b  p a b K , r K .' Ž .11 22 33ž /
From this we immediately get
' 'Ž . Ž .THEOREM 2. 1 A biquadratic extension K a , b K is embeddable
in a Q -extension, if and only if8
a 1  2   2 2 1  2   2 2Ž . Ž .2
b 1  2   2 2 1  2   2 2Ž . Ž .2
 for suitable  ,  ,  K , cf. Bu .
' 'Ž . Ž . Ž .2 With  ,  ,  as in 1 , the Q -extension containing K a , b K8
are
1	  1	  1	 
K r 1   K , r K ,( ž /' ' 'ž /u w wu
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where u 1  2   2 2,   1  2   2 2, w 1  2   2 2, and
' ' 'wu u w  .
Ž . Ž .Proof. 1 is clear from Lemma 1, and 2 follows from Witt’s descrip-
Ž .tion with u and w instead of a and b , since it is easy to find the matrix
P from the Q given in Lemma 1.
Ž .Remark. Point 1 of the above theorem is known as Bucht’s parametri-
   sation, cf. J & Y . In J & Y , Bucht’s parametrisation is established in very
much the same way we have used,4 although separate parametrisations are
given for the ‘‘degenerate’’ case, where a diagonal element in the matrix Q
is 0, and for fields in which 	1 is a square or a sum of two squares.
Using Theorem 2, it is now an easy matter to produce a generic
polynomial for Q -extensions:8
Ž .THEOREM 3. Let K  be a function field in the indeterminates 
Ž . ,  ,  oer K , and let
u  w4 222 2F  , X  X 	 1 	 2 1	  X 	 1Ž . Ž . Ž . Ž .
uw
31	 Ž .
2	 8 X 	 1Ž .
uw
u2  2  w2 	 2u 	 2uw	 2w4 1	 Ž . 2 2 2u  w
  K  X ,Ž .
where
u 1  2   2 2 ,
  1  2   2 2 ,
w 1  2   2 2 .
Then the following hold:
Ž . Ž . Ž .1 The splitting field of F  , X oer K  is a Q -extension.8
Ž . 32 If the specialisations of u , w, and wu at a point a K are
4 Ž 	12 .quadratically independent, the polynomial r F a, r X is irreducible in
   5K X for all r K , and the splitting field is a Q -extension of K.8
Ž . Ž .3 Any Q -extension of K is obtained by a specialisation as in 2 .8
4  Indeed, Lemma 1 and its proof is directly inspired by the argument in J & Y .
5 Ž . 2Since F  , X is a polynomial in X , this expression does in fact give us a polynomial
over K.
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Ž .Proof. The theorem is obvious once we note that F  , X is the
minimal polynomial of
1	  1	  1	 
1  ( ' ' 'u w wu
Ž .over K  .
EXAMPLE. Let K,  1,  0, and  1; i.e., u 2,   1, and
w 3. Then we get the polynomial
4 24 22 2 2  F 1, 0, 1, X  X 	 1 	 2 X 	 1 	 X 	 1 	  X ,Ž . Ž . Ž . Ž .
3 9
which has the root
1 1 1 1 ' '1    2 2 3 3 .Ž . Ž .(( ' ' ' 62 3 6
We let r 6 and get
4 'f X  6 F 1, 0, 1, X 6Ž . Ž .
4 22 2 2   X 	 6 	 72 X 	 6 	 288 X 	 6 	 288 XŽ . Ž . Ž .
' ''as the minimal polynomial for 2 2 3 3 . Thus, the splittingŽ . Ž .
Ž .field of f X over  is the Q -extension8
' '' 2 2 3 3 Ž . Ž .ž /
 given by Dedekind in De .
THE CENTRAL PRODUCT QC
3' ' 'Ž .Let MK K a , b , d K be a C -extension; i.e., a, b, d K are2
quadratically independent.
 From Le, 2.3 we then get the following: There exist QC-extensions
'Ž .FK containing MK , such that FK d is a Q -extension, if and only if8
² : ² : 6the quadratic forms a, b, ab and 1, d, d are equivalent over K.
Furthermore, if P is a 3 3 matrix over K with det P dab and
t² : ² :P a, b , ab P 1, d , d ,
6  This is not the formulation of Le . However, as QC only contains one subgroup Q , it8
is an equivalent formulation.
GENERIC POLYNOMIALS 9
these QC-extensions are
' ' 'b a b
' 'K r 1 p a  p  p , d K , r K .) 11 22 33ž /' 'd d 0
This gives us
3 ' ' 'Ž .THEOREM 4. A C -extension K a , b , d K can be embedded in a2 'Ž .QC-extension FK , such that FK d is a Q -extension, if and only if8
a d d  2  d 2 2 1 d 2  d 2 2Ž . Ž .2
b 1 d 2  d 2 2 d d 2   2 2Ž . Ž .2
for suitable  ,  ,  K. Moreoer, the QC-extensions in question are then
' 'd 1	 1	 d d 1	 dŽ . Ž . Ž . 'K r 1   , d K ,) ž /' ' 'u w wu 0
r K ,
Ž 2 2 2 . 2 2 2 2where u d d   d  ,   1 d  d  , w d d 
2 2 ' ' '  , and wu u w  .
Proof. The proof is very similar to that of Theorem 2.
We can now find a generic polynomial for QC-extensions:
Ž .THEOREM 5. Let K  , d be a function field in the indeterminates
Ž .  ,  ,  and d oer K , and let
G  , d , XŽ .
u d 2  dw4 222 2 X 	 1 	 2 d 1	  X 	 1Ž . Ž . Ž .
uw
31	 Ž .
3 2	 8d X 	 1Ž .
uw
u2  d4 2  d 2 w2 	 2 d 2 u 	 2 duw	 2 d3w42 d 1	 Ž . 2 2 2u  w
Ž .in K  , d, X , where
u d d  2  d 2 2 ,Ž .
  1 d 2  d 2 2 ,
w d d 2   2 2 .
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Then the following hold:
Ž . Ž . Ž .1 The splitting field of G  , d, X oer K  , d is a QC-extension of
'Ž . Ž .K  , d and a Q -extension of K  , d .8
Ž . Ž . 32 If the specialisations of u , w, wu, and d at a point a, d  K
4 Ž  	12 . K are quadratically independent, the polynomial r G a, d , r X is
  irreducible in K X for all r K , and the splitting field is a QC-extension of
'Ž .K and a Q -extension of K d .8
Ž . Ž .3 Any QC-extension of K is obtained by a specialisation as in 2 .
Ž .Proof. G  , d, X is the minimal polynomial of
' 'd 1	  1	  d d 1	  dŽ . Ž . Ž .
1  ) ' ' 'u w wu
Ž .over K  , d .
EXAMPLE. Let K,  1,  0,  1, and d 2; i.e., u 6,
  1, and w 5. Then we get the polynomial
84 22 2G 1, 0, 1, 2, X  X 	 1 	 X 	 1Ž . Ž . Ž .
3
32 32
2  	 X 	 1 	  X ,Ž .
15 75
which has the root
' '2 2 2 2 1 ' '1    3 6 5 10 .Ž . Ž .() ' ' ' 156 5 30
We let r 15 and get
4 'g X  15 G 1, 0, 1, 2, X 15Ž . Ž .
4 22 2 2 X 	 15 	 600 X 	 15 	 7200 X 	 15Ž . Ž . Ž .
 	21600 X
' ''as the minimal polynomial for 3 6 5 10 over . Thus, theŽ . Ž .
Ž .splitting field of g X over  is the QC-extension
' ' '' 3 6 5 10 , 2 .Ž . Ž .ž /
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THE CENTRAL PRODUCT QQ
4' ' ' 'Ž .Let MK K a , b , c , d K be a C -extension; i.e., a, b, c, d2
K are quadratically independent.
 From Le, 2.2 we then get the following: There exist QQ-extensions
' 'Ž .FK containing MK , such that FK c , d is a Q -extension, if and8
² : ² :only if the quadratic forms a, b, ab and c, d, cd are equivalent over
K.7 Furthermore, if P is a 3 3 matrix over K with det P cdab and
t² : ² :P a, b , ab P c, d , cd ,
these QQ-extensions are
' ' ' 'a b a b
' 'K r 1 p  p  p , c , d K , r K .) 11 22 33ž /' ' ' 'c d c d 0
This gives us
4 ' ' ' 'Ž .THEOREM 6. A C -extension K a , b , c , d K can be embedded in2 ' 'Ž .a QQ-extension FK , such that FK c , d is a Q -extension, if and only if8
a cd cd c 2  d 2 2 c d 2  cd 2 2Ž . Ž .2
b c c d 2  cd 2 2 d cd 2  c 2 2Ž . Ž .2
for suitable  ,  ,  K. Moreoer, the QQ-extensions in question are then
' ' ' 'cd 1	 c c 1	 d d 1	 c dŽ . Ž . Ž .
K r 1   ,) ž /' ' 'u w wu
' 'c , d K0
 Ž 2 2 2 . Ž 2 2 2 .for r K , where u d cd c  d  ,   c c d  cd  ,
2 2 2 ' ' 'w d cd  c  , and wu u w  .
7  Again, this is a reformulation of the result in Le .
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And as for generic polynomials:
Ž .THEOREM 7. Let K  , c, d be a function field in the indeterminates
Ž .  ,  ,  and c, d oer K , and let
H  , c, d , XŽ .
cu d 2  c2dw4 222 2 X 	 1 	 2cd 1	  X 	 1Ž . Ž . Ž .
uw
31	 Ž . 43 3 2 2 2	8c d X 	 1  c d 1	 Ž . Ž .
uw
c2 u2  d4 2  c4d 2 w2 	 2cd 2 u 	 2c3duw	 2c2d3w
 2 2 2u  w
Ž .in K  , c, d, X , where
u d cd c 2  d 2 2 ,Ž .
  c c d 2  cd 2 2 ,Ž .
w d cd 2  c 2 2 .
Then the following hold:
Ž . Ž . Ž .1 The splitting field of H  , c, d, X is a QQ-extension of K  , c, d
' 'Ž .and a Q -extension of K  , c , d .8
Ž . Ž  .2 If the specialisations of u , w, wu, c, and d at a point a, c , d 
3 2 4 Ž   	12 .K  K are quadratically independent, the polynomial r H a, c , d , r X
  is irreducible in K X for all r K , and the splitting field is a QQ-extension
 ' 'Ž .of K and a Q -extension of K c , d .8
Ž . Ž .3 Any QQ-extension of K is obtained by a specialisation as in 2 .
Ž .Proof. H  , c, d, X is the minimal polynomial of
' ' ' 'cd 1	  c c 1	  d d 1	  c dŽ . Ž . Ž .
1  ) ' ' 'u w wu
Ž .over K  , c, d .
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EXAMPLE. Let K,  1,  0,  1, c 2, and d 5; i.e.,
u 60,   4, and w 17. Then we get the polynomial
H 1, 0, 1, 2, 5, XŽ .
140 100 1754 22 2 2   X 	 1 	 X 	 1 	 X 	 1 	  X ,Ž . Ž . Ž .
51 51 867
which has the root
' '5 5 5 1 ' '1    6 30 17 85 .Ž . Ž .() ' ' ' 1026 17 102
We let r 102 and get
4 'h X  102 H 1, 0, 1, 2, 5, X 102Ž . Ž .
4 22 2 X 	 102 	 28560 X 	 102Ž . Ž .
	 2080800 X 2 	 102 	 2188400Ž .
' '  'in  X as the minimal polynomial for 6 30 17 85 over .Ž . Ž .
Ž .Thus, the splitting field of h X over  is the QQ-extension
' ' ' '' 6 30 17 85 , 2 , 5 .Ž . Ž .ž /
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